The band structure of a high-mobility two-dimensional electron gas patterned with a square lattice of holes (antidots) is studied theoretically under the influence of a magnetic modulation consisting of perpendicular magnetic flux tubes with the same period and nonzero net flux per unit cell. The magnetic field pierces the system through the patterned holes only, so that the coupling with the electrons is purely quantum mechanical. The model takes implicitly into account the coupling between the different Bloch bands. The flux-dependent energy structure exhibits a Hofstadter butterfly-type spectrum. Such a structure is repeated indefinitely without distortion with a period of one magnetic flux quantum through a lattice hole. Rectangular deviations from the square lattice are also studied. It is found that the number and width of the magnetic gaps decrease, and even disappear for large antidot filling fractions.
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I. INTRODUCTION
The preparation of well-defined periodic structures imposed onto the plane of the two-dimensional electron system (2DES) and its effects on the transport properties under applied magnetic fields have become the object of intense studies over the last two decades. 1 The initial motivation for studying magnetotransport in such structures was the opportunity to access the regime of the Hofstadter butterfly energy spectrum. 2 This spectrum, calculated initially in the one-band tightbinding approach, exhibits a highly aesthetic, self-similar structure of energy bands and gaps, whose number and widths are changing with the magnetic flux threading the unit cell of the 2D lattice. Many efforts have been devoted to the challenge of observing signatures of this fractal energy spectrum, mainly in lateral superlattices patterned on highmobility GaAs/AlGaAs heterostructures. [4] [5] [6] [7] A remnant of the nonmonotonic behavior of the Hall conductivity peculiar to the Hofstadter butterfly has been reported. 6 However, for many years there has been no conclusive experimental evidence for this structure, presumably because the small gaps between subbands tend to close due to disorder in samples of not exceptionally high mobilities. [8] [9] [10] Additionally, Hofstadter's high-symmetry picture has been shown to undergo dramatic distortions in conditions departing from the limiting case of very weak lattice potentials. 1, 3, 4 Magnetotransport studies on square, 7,11-14 rectangular, [15] [16] [17] or hexagonal 18, 19 superlattices have revealed a variety of typical phenomena, such as different types of characteristic magnetoresistance oscillations. Features in the magnetoresistance are commonly ascribed to classical or semiclassical effects, though the discussion on the nature of the characteristic oscillations is still open. 20 Even quantum mechanically, some of these features can be explained independently of the butterfly subband structure, focusing exclusively on the approximate band structure (i.e., on the characteristics of the envelope function that modulates the butterfly-type spectrum). 21 The system we propose in this paper could be useful to provide indirectly further understanding on the features observed in the low-field magnetoresistance of electrically modulated 2DES, since in the proposed setup the magnetic field does not pierce the electron gas, so we eliminate the classical contribution of the magnetic field to the electron motion. As a result, the exhibited Hofstadter-type subband structure is not distorted by the magnetic field, thus yielding an unmodulated envelope; the band structure is repeated in the field axis indefinitely without distortion, with a period of one flux quantum piercing the lattice unit cell. This property could also turn it into a suitable system under the perspective of observing aspects of the butterfly spectrum, 22 free of most of the distortions inherent in typically studied 2DES with electric or magnetic modulations. 3, 4, 23 The system proposed is shown schematically in Fig. 1 . It consists of a high-mobility semiconductor heterostructure (such as GaAs/GaAlAs) with a superconducting layer grown on top of it. The whole system is patterned with a lattice of nanometer-sized holes, which act as forbidden regions (antidots) for the 2D electrons. A homogeneous magnetic field is then applied perpendicular to both layers, such that the magnetic flux lines are expelled from the superconductor due to the Meissner effect, and redirected through the superconductor holes coinciding with those of the 2DES. It should be pointed out that the properties of superconductors have been successfully employed to generate spatially varying magnetic fields on 2DES. [24] [25] [26] Likewise, advances in lithographic techniques allow today the fabrication of large area, periodic, and uniform nanohole arrays perforated in different materials. [27] [28] [29] The setup proposed yields a 2DES subject to spatial (equivalent to strong electric) and magnetic modulations of the same period, with the particularity that the magnetic field does not influence directly (classically) the electron motion. For simplicity, in the modelization of such a system we assume a constant value of the magnetic field within the flux tube. However, it is worth mentioning that the calculated band structures only depend on the net flux threading the holes, and not on the particular profile of the magnetic field within the tubes provided it keeps locally the axial symmetry. Therefore, although the experimentally generated flux tubes depart from the constant field picture (as happens in the case of superconductors), the expected results are equivalent to those reported here, as long as the (possible) leakage of magnetic tails into the semiconductor is negligible. (Color online) Schematics of the studied system. A square array of nanoholes of period L is patterned simultaneously on both a high-mobility 2DES and a superconducting layer grown on top of it. The regular arrangement of nanoholes, which act as artificial potential pillars (antidots) for the 2D electrons, yields a periodic, strong potential modulation V (r) in the 2DES layer. A magnetic modulation consisting of magnetic flux tubes piercing the 2DES holes can be obtained by applying a perpendicular magnetic field on top of the whole system. With this setup, the field cannot pierce the superconducting layer (and thus the 2DES), but only the patterned holes.
In the following, we show that the low-lying region of the field-dependent energy spectrum exhibits a Hofstadter-type structure, which is repeated unmodulatedly in periods of one flux quantum. Deviations from Hofstadter's one-band spectrum arise only in the energy axis, due to the coupling between the different Bloch bands. Whereas the square lattice spectrum shows a high resemblance with the well-known butterfly structure, the rectangular lattice presents a quasicontinuous subband structure for lattices with relatively large holes, reflecting the disappearance of Aharanov-Bohm-type quantum interference effects.
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II. THEORETICAL OUTLINE
The corresponding Hamiltonian for an electron in the highmobility 2DES can be written in atomic units as
In Eq. (1), m is the electron effective mass, and V is the periodic modulation defining the hole lattice. Since the holes (of radius a and forming a square pattern of period L) constitute forbidden regions for the electrons, we set V = ∞ within a hole and V = 0 elsewhere. A is the potential vector defining the magnetic flux tubes piercing the holes (see Fig. 1 ). It can be built as the superposition of the individual potential vectors A n,m (n,m = 0, ± 1, ± 2, . . .) describing the magnetic field B = (0,0,B) through each of the infinite holes of the system:
where n,m label the hole centered in (x,y,z) = (nL,mL,0) and
where (x ,y ,0) = (x − nL,y − mL,0) are the coordinates relative to the center of the hole considered, and Ba 2 /2 = / 0 is the number of flux quanta through each hole.
The eigenvalue equation of the Hamiltonian (1) is solved numerically using the finite difference method in a twodimensional grid mapped in a finite region of the xy plane. Concerning boundary conditions, it should be pointed out that, despite V (x,y) being periodic, pure translations in the xy plane do not commute with the Hamiltonian when B = 0, as they do not commute with the kinetic energy operator. As shown by Brown, 31 in the case of a homogeneous magnetic field (defined by a potential vector that we refer to as A h ) it is possible to define another type of transformation, called magnetotranslations, which do commute with the corresponding Hamiltonian [Eq. (1) with A = A h ] and can be used to impose proper boundary conditions in a finite region of the xy plane. Such transformations are defined by the operators:
where R is a lattice vector and A h is chosen in the symmetric gauge. However, in our case (A = A h ) the operators T m (R) = e −iR(p−A(r)) do not commute with H . To overcome this inconvenience let us write A [Eq. (2)] as follows:
where A h describes a homogeneous magnetic field B h generating the same flux as
Then, A − A h yields a null net flux in the unit cell, which raises the question of whether the potential vector A − A h is periodic. It can be easily proved that a periodic vector potential implies a null magnetic flux in the unit cell, but the opposite is not necessarily true. Yet, we can always select the convenient gauge for A such that A − A h = A p , where A p is a periodic vector potential [A p (r + R) = A p (r)]. In our case, this holds for A in the gauge given by Eq. (3) and A h in the symmetric gauge A h = − 1 2 (r × B h ). Under these circumstances (A = A p + A h ), it is straightforward to verify that the operators given by (4) commute with the Hamiltonian (1), and then can be employed to impose the two periodic boundary conditions (in x and y directions) needed to integrate the eigenvalue equation of H .
However, one must take into account that the set of magnetic translation operators in two dimensions {T m (R)} form a ray group, which means that in general [T m (R 1 ),T m (R 2 )] = 0. In particular, takes integer values the commutator is zero, the group {n 1 T m (R 1 ),n 2 T m (R 2 )} (with n 1 ,n 2 ∈ Z) is isomorphic to the group of pure inplane translations, and the independently derived boundary conditions in the x and y directions can be safely applied. When the number of flux quanta in the crystallographic unit cell ( / 0 ) is not integer, the system experiences a reduction of symmetry, such that only certain subsets of (simultaneously applied) x and y magnetic translations leave the electron state of motion unaltered. These comprise the magnetotranslations defined by new unit cells (magnetic unit cells) pierced by an integer number of flux quanta and compatible in turn with the crystallographic periodicity. In our case, and unless otherwise indicated, we select a square magnetic unit cell comprising 36 crystallographic unit cells, which allows us to obtain the electronic energy structure for the rational flux values / 0 = n/36, n being an integer. Figure 2 shows the lowest Bloch band of the square lattice as a function of the magnetic flux quanta through a single hole. As can be seen, a pattern of minibands and minigaps arise for noninterger values of / 0 , with an energy width that is exactly repeated in periods of one flux quantum. For / 0 = p/q with p,q integers and relative prime the band is split up into q nonoverlapping subbands, as can be confirmed by inspection of the corresponding density of states shown in Fig. 3 . 32 This is the same as holds in the Hofstadter's tight-binding spectrum, though it should be mentioned that this property is not generally fulfilled when band coupling is considered in typically modulated 2DES. Indeed, calculations of antidot superlattices under low homogeneous magnetic fields revealed a partial overlap of the minibands for flux numbers with small denominator. In Fig 2(b) , the coupling between the first and more excited Bloch bands is weak, and the spectrum deviates to a lesser extent from Hofstadter's. The symmetry in the energy axis is nearly maintained, and the q/2th minigap for / 0 = p/q with even q (i.e., the central minigap) remains closed as it holds in the one-band tight-binding spectrum. Instead, for f = 0.05 (small holes) the coupling becomes noticeable, and the spectrum deviates from this high symmetry picture. Upper subbands become wider than the lower ones, and the closed gaps open for p/q with q even and q 4. The opening of closed gaps in the Hofstadter spectrum due to the coupling with excited bands has already been reported for electrically modulated 2DES in the quantum Hall regime, having significant implications in the Hall conductance. 3 However, the opening of the central gap in the latter case is also produced for p/q = 1/2, which might then be related to the direct and nonclassical influence of the magnetic flux on the electron motion. 33 This possibility raises the question on whether distortions of similar nature arise or not in the weak homogeneous field regime, since in such a regime the direct influence of the field is expected to be small, and the corresponding subband structures are expected to approach those of Fig. 2 . Our calculations on a system similar to that sketched in Fig. 1 but where the magnetic flux tubes are substituted by a homogeneous magnetic field (not shown) reveal a close similarity of the subband structure to those of gap. This opening can only be ascribed to the direct influence of the magnetic field on the electron motion, and evidences that this sort of subband distortion is prominent also in the weak homogeneous field regime.
III. RESULTS
As for the excited bands, the butterfly hides among a complex pattern of overlapping Bloch bands which, obviously, interact strongly. This is shown in Fig. 4 for f = 0.05. 34 The figure includes the second, third, and fourth Bloch bands, which already overlap in the absence of magnetic field. As can be observed, such overlapping minimizes the number and width of the gaps appearing at rational values of / 0 . This would result in an intrinsic difficulty to observe experimentally the subband structure, difficulty that will be increased due to disorder broadening. [8] [9] [10] 35 We probe next the magnetic subband structure for the rectangular lattice of period L × 2L. The magnetic unit cell employed in this case is the same as in Fig. 2 , but eliminating alternate rows of holes and the corresponding magnetic flux tubes. This restricts the rational flux numbers studied to n/18. The results are collected in Fig. 5 for the same a/L relations as those studied in the square lattice. 36 For f = 0.3 (large holes) we observe in Fig. 5(b) an almost complete disappearance of the internal subband structure of the first Bloch band for noninteger flux numbers. Even the band envelope is very slightly modulated as compared with the square lattice case. Instead, for f = 0.05 [small holes; see Fig. 5(a) ], some of the more characteristic gaps still persist, though narrowed by the widened subbands. 37 This difference with Fig. 5(b) can be explained as coming from the different spatial separation among the holes in the short-period lattice direction, which is larger for the f = 0.05 than for the f = 0.3 case. The larger separation opens a channel for field-induced quantum interference phenomena, which is strongly limited for large filling fractions (f = 0.3 case). This can be better seen in Fig. 6 , which shows the corresponding energy structure along the two main lines of the reciprocal lattice related to the electron dispersion in x and y. Concerning this figure, it is worth remembering here that the cell employed in all the calculations enclose 18 crystallographic unit cells. This is the origin of the apparent band bending observed for the represented fluxes (a feature of the calculation method that will occur for any flux / 0 = p/q with q lower than 18). Then, note that labels X and Y in Fig. 6 do not represent the border of the magnetic Brillouin zone, but only label directions in the reciprocal lattice. Thus, − X/ − Y corresponds to the large or short period lattice direction. The figure shows that for f = 0.05 and / 0 = 0 the band structure is clearly anisotropic, being less dispersive for the electron propagation in the large-period lattice direction. The interference phenomena induced by the magnetic field flatten the subband structure in this direction, whereas open small gaps in the other one. Conversely, for f = 0.3 the band structure shows no dispersion in this direction even for / 0 = 0. This reveals the singly connected character of the corresponding wave functions, which extend only along the wider channels opened among the holes (see Fig. 7 ). Thus, field-induced interference phenomena are negligible, and the featureless band structure of Fig. 5(b) can be interpreted, regardless of the magnetic flux, in terms of a superposition of noninteracting, highly dispersive one-dimensional (1D) bands along the short-period lattice direction. As a consequence, rectangular lattices are not suitable candidates to provide experimental verification of the Hofstadter-type spectrum, since the limited field dependence of the miniband dispersion is not expected to yield significant changes of the band conductivity contribution to magnetotransport as a function of the magnetic field. 4 
IV. CONCLUDING REMARKS
We studied the magnetic subband structure of a highmobility 2DES patterned with square and rectangular arrays of holes (antidots) pierced by magnetic flux tubes. Within this scheme, the coupling of the magnetic field with the 2D electrons is purely quantum mechanical. The square lattice exhibits a Hofstadter-type spectrum with an unmodulated envelope. The symmetry of the butterfly is maintained in the field axis, whereas minor deviations, induced by the coupling among Bloch bands, arise in the energy axis. Conversely, field-induced quantum interference phenomena are masked in rectangular lattices. This reduces the number and width of open gaps, and yields an almost featureless spectrum for large antidot filling fractions. As a consequence, significant features in the magnetoresistance coming from field-induced variations of the band conductivity are not expected for rectangular lattices.
As it disentangles classical and purely quantum interference effects, the experimental realization of the system studied could provide further insight into the features observed in the low-field magnetoresistance of electrically modulated two-dimensional electron systems.
These are not present in our case, due to the absence of envelope modulation. 34 Because of the more demanding calculation, we have employed in this case a magnetic unit cell comprising 16 crystallographic unit cells. 35 An additional source of distortion of the subband structure is the presence of defects, such as the lack of one or more holes (antidots) in the lattice. Conversely to the homogeneous field case, in the proposed setup this lack not only disturbs the spatial periodicity, but also the magnetic one. However, we have checked (not shown) that the Hofstadter spectrum obtained is as robust against the presence of defects as it is its homogeneous field counterpart. 36 The corresponding filling fractions (fraction of area occupied by the holes) are thus halved, since the crystallographic unit cell has been doubled. However, for the sake of a better comparison with the square lattice we keep here the definition of f = 
